I. INTRODUCTION
The study of the dihadron fragmentation functions (DiFFs) describing the probability that a quark hadronizes into two hadrons is of great interest both in theory and in experiment. The DiFFs were firstly proposed in Ref. [1] . Their evolution equations have been studied in Ref. [2, 3] , and later in Ref. [4] where the evolution was discussed, for the first time, as functions of the hadron pair invariant mass M h . Ref. [5] introduced the transversely polarized DiFF as spin analyzer of the transversely polarized fragmenting quark, which later lead to the definition of H 1 . The first comprehensive study of dihadron fragmentation has been presented in Ref. [6] up to leading twist, where the relevant DiFFs have been defined. DiFFs have been used to investigate the transverse spin phenomena of the nucleon, and they can act as analyzers of the spin of the fragmenting quark [7, 8] . The authors in Ref. [9] introduced the method of partial-wave analysis, which makes the connection between two-hadron production and spin-one production clear. Then in Ref. [10] the analysis was extended to subleading twist integrated over the transverse component of the momentum of the hadron pair. This analysis can be directly promoted into transverse momentum dependent case. The cross section expression for production of two hadrons in SIDIS within TMD factorization is presented in Ref. [11] . Physicists started to focus on these functions by searching for a mechanism to extract the chiral-odd transversity distribution in an alternative and technically simpler way than the Collins effect [12] . Transversity was extracted for the first time from data on single hadron SIDIS by a convolution h 1 ⊗ H ⊥ 1 . One must involves the transverse momenta of quarks working for the chiral-odd Collins fragmentation function. An alternative method to access the transversity PDF requires only standard collinear factorization. In this mechanism, the chiral-odd DiFF H 1 [9, 13] plays an important role in accessing transversity distribution h 1 , as it couples with h 1 at the leadingtwist level in the collinear factorization. The azimuthal asymmetry in the distribution of charged pion pairs in e + e − annihilation was measured by the BELLE collaboration [14] , opening the way to the first parametrization of H 1 for the up and down quarks [15] . In Ref. [16] [17] [18] [19] [20] , the authors extracted h 1 from SIDIS and proton-proton collision data. At the same time, the model predictions of the DiFFs were performed by the spectator model [21] [22] [23] and by the Nambu-Jona-Lasinio (NJL) quark model [24] [25] [26] [27] .
The HERMES collaboration [28] and COMPASS collaboration [29, 30] have measured the azimuthal asymmetries of the SIDIS process in which hadron pair are produced with an unpolarized target or a transversely polarized target. The azimuthal angular dependences involving dihadron fragmentation in the leading order cross section of dihadron SIDIS, were presented in Ref. [9] . Then in Ref. [10] , the authors gived a complete list of cross section and spin asymmetries up to the subleading twist. Very recently, results on the azimuthal asymmetries in dihadron production with the longitudinally polarized proton target were also obtained by the COMPASS collaboration [31] . Considering the dihadron cross section in a transverse momentum dependent (TMD) factorization approach with the incident lepton beam being unpolarized or longitudinally polarized, a sin(φ h − φ R ) modulation, among many modulations, comes into our view. Here φ h denotes the azimuthal angle of the hadron pair system and φ R is the angle between the lepton plane and two-hadron plane. Within the TMD factorization appoach, the dihadron SIDIS cross section is written as a convolution of TMD distribution functions and TMD-DiFFs. TMD factorization extends the collinear factorization by accounting for the parton transverse momentum. On the experimental side, the COMPASS measurements show that the sin(φ h − φ R ) asymmetry is compatible with zero whithin experimental precision. On the theoretical point of view, within the parton model, there are two sources contributing to the sin(φ h − φ R ) asymmetry, namely the coupling of the twist-2 distribution g 1L and the T-odd DiFF G ⊥ 1 . In this paper we investigate the sin(φ h − φ R ) asymmetry by using the relevant parton distribution functions (PDFs) and DiFFs based on the spectator model. After performing partial waves expansion, one possible contribution of this asymmetry is g 1L G ⊥ 1,OT where G ⊥ 1,OT stems from interference of s-and p-waves. The other contribution comes from g 1L G ⊥ 1,LT where G ⊥ 1,LT originates from the interference of two p-waves with different polarizations. The latter contribution will vanish after performing the polar angle integration. We adopt the spectator model [22] to calculate G ⊥ 1,OT and find that, to obtain a nonvanishing G ⊥ 1,OT , one must consider loop contributions. Applying the spectator model results for the PDFs and DiFFs, we estimate the sin(φ h − φ R ) asymmetry at the COMPASS kinematics and compare it with the COMPASS preliminary data.
The paper is organized as follows. In Sec.II we review the basic framework of DiFFs. We apply the spectator model to calculate the T-odd DiFF G ⊥ 1,OT in Sec.III. In Sec.IV, we present the theoretical framework of the sin(φ h − φ R ) azimuthal asymmetry in dihadron SIDIS with unpolarized lepton beam scattering off a longitudinally polarized proton target. Then in Sec.V, we give the numerical results of the sin(φ h − φ R ) azimuthal asymmetry at the kinematics of COMPASS measurements and also make the predictions at the EIC. We finally summarize our work in Sec.VI.
II. BASIC FRAMEWORK OF DIHADRON FRAGMENTATION FUNCTION
We start from the physical picture q → π + π − X that a quark with momentum k fragments into two leading unpolarized pions with mass M 1 , M 2 , and momenta P 1 , P 2 respectively. The invariant mass of the hadron pair is defined by M h . It is useful to interpose two vectors P h = P 1 + P 2 and R = (P 1 − P 2 )/2. We present an arbitrary four vector a in the light-cone coordinates a ± = (a 0 ± a 3 )/ √ 2 and a T = (a 1 , a 2 ). This provide all components as [a − , a + , a T ]. We also introduce z i denoting the light-cone fraction of the fragmenting quark momentum carried by hadron h i . The light-cone fraction of the fragmenting quark momentum carried by the final hadron pair is defined by z.
It is convenient to choose theẑ axis according to the condition P hT = 0. Therefore, the momenta P µ h , k µ and R µ can be written as [22] 
where
Here m π is the mass of pion. It is desired to notice that in order to perform partial-wave expansion, we have reformulated the kinematics in the center of mass frame of the dihadron system. θ is the center of mass polar angle of the pair with respect to the direction of P h in the target rest frame [13] . We can find some useful relations as III. THE MODEL CALCULATION OF G ⊥
1,OT
The TMD DiFFs D 1 and G ⊥ 1 are extracted from the quark-quark correlator ∆(k, P h , R)
Then we express the leading-twist quark-quark correlator Eq.(4) in terms of center of mass variables. The connection between the two representations is defined as
By projecting out the usual Dirac structures, we obtain the following decomposition results
where γ − is the negative light-cone Dirac matrix. The TMD DiFFs D 1 , G ⊥ 1 can be expanded in the relative partial waves of the dihadron system up to the p-wave level [13] :
where G ⊥ 1,OT comes from the interference of s-and p-waves, and G ⊥ 1,LT originates from the interference of two p-waves with different polarizations. φ k is the azimuthal angle of quark transverse momentum k T with respect to the lepton scattering plane.
Since the contribution including G ⊥ 1,LT to the sin(φ h − φ R ) asymmetry vanishes (see Sec.IV in the following), we will work out the DiFF G ⊥ 1,OT in the spectator model below. In principle, the tree level correlator yields vanishing contribution to G ⊥ 1,OT because of the shortage of the imaginary phase. Whereas, the quark-dihadron interaction vertex F s * F p required to be complex will generate this imaginary phase. Therefore, we can obtain the correlation function in a similar way as in Ref. [22] 
where m and M s represent the masses of the fragmented quark and the spectator quark, respectively. The s-wave and p-wave vertex structures F s and F p are wirtten as [22] :
and Θ denotes the unit step function. The couplings f s , f ρ , f ω and f ω are the model parameters. The first two terms of F p can be classified as the contributions of the ρ and the ω resonances decaying into two pions. The masses and the widths of the two resonances can be accessed from the PDG [32] : M ρ = 0.776 GeV, Γ ρ = 0.150 GeV, M ω = 0.783 GeV and Γ ω = 0.008 GeV.
Putting Eq.(8) into Eq.(5), we acquire
Here the z-dependent Λ-cutoffs Λ sp and Λ s,p have the relation
where Λ s,p have the following structure :
and α, β and γ are the parameters shown below. The k 2 term is fixed by the on-shell condition of the spectator
In Eq. (10), the terms coupled with |F s | 2 and |F p | 2 characterize the pure s-and p-wave contributions, thus they will not make a difference in the interference of s and p-waves functions G ⊥ 1,OT . While the last two terms represent the s-and p-wave interference, and they do contribute to the G ⊥ 1,OT with the necessary imaginary phase originated from F p . Then we obtain the tree-level result for G ⊥
In this paper we choose the input quark mass to be zero GeV, which is consistent with Ref. [22] . We have checked that a small quark mass value mainly don't affect the results of DiFF and corresponding asymmetry. Thus, the tree level G ⊥ 1,OT vanishes and we have to consider the loop contributions for this DiFF. We can model the correlator at one loop level provided with Fig.1 as:
In Eq.(15-18) we have applied the Feynman rule 1/(− − ± iε) for the eikonal propagator, as well as that for the vertex between the eikonal line and the gluon. Still in Eq. (15) (16) (17) (18) , in principle, the Gaussian form factors should depend on the loop momentum . Following the choice made in Ref. [33] , we abandon this dependence and simply use k 2 in those form factors instead of (k − ) 2 in order to simplify the integration. This choice could give reasonable final results since the form factor is introduced to cut off the divergence. The same choice has also been adopted in Refs. [34] [35] [36] .
In general, there are two sources of G ⊥ 1,OT in each diagram at one loop level. One is the real part of the loop integral over , coupled with the imaginary part of F * F p . The other is the imaginary part of the loop integral, combined with the real part of F * F p . The real part of the integral is presented as the usual loop integral adopting the Feynman parameterization. While for the imaginary part of the integral, we apply the Cutkosky cutting rules
Employing the above conventions, we reach the final result of G ⊥
with
where C 2 is a three point one loop tensor integration defined as
where the general defination of 2-point one-loop tensor integration B 0 is given by [37] B 0 (p 2 1 ; m 2 1 , m 2 2 ) =
and 3-point one-loop tensor integration C 0 is denoted as [37] C 0 (p 2 1 , p 2 2 , p 2
with q n ≡ n i=1 p i and q 0 = 0. The coefficients A and B denote the following functions
which originate from the decomposition of the following integral [38] 
The functions I i represent the results of the following integrals
. The function D satisfies the following relation
where I 34 is the linear combination of I 3 and I 4
In addition, the function B 0 and D 0 come from the decomposition
where 
IV. THE sin(φ h − φR) ASYMMETRY OF DIHADRON PRODUCTION IN SIDIS
The reference system in Fig.2 is our starting point in which the virtual photon transverse momentum is set to q T = 0. But in our work, the virtual photon has a nonvanishing transverse momentum q T . We align theẑ axis opposite to the direction of the virtual photon for the transverse momentum dependence case and, the outgoing hadron has a nonvanishing transverse momentum defined as P h⊥ = −z q T . Then we consider the dihadron SIDIS production
where a unpolarized muon with momentum scatters off a longitudinally polarized target nucleon with mass M , polarization S and momentum P , via the exchange of a virtual photon with momentum q = − . Inside the target, the photon hits the active quark with momentum p and the final state quark with momentum k = p+q then fragments into two leading unpolarized hadrons with mass M 1 , M 2 , and momenta P 1 , P 2 . To present the differential cross section with respect to dihadron-dependent structure function, we define the following kinematic invariants:
The light-cone fraction of target momentum carried by the initial quark is denoted by x, z i expresses the light-cone fraction of hadron h i in terms of the fragmented quark. The light-cone fraction of fragmenting quark momentum carried by the final hadron pair is defined by z. Moreover, the invariant mass, the total momentum and the relative momentum of the hadron pair are denoted by M h , P h and R, respectively. We will consider the SIDIS process with unpolarized muons off longitudinally polarized nucleon target. Using TMD factorization approach and denoting A(y) = 1 − y + y 2 2 , the differential cross section for this process reads [9] 
and
where φ R and φ S are the azimuthal angles of R T and S T with respect to the lepton scattering plane.P h⊥ satisfieŝ P h⊥ = P h⊥ /| P h⊥ |. For convenience, we have indicated the unpolarized or longitudinally polarized states of the beam or the target with the labels U and L, respectively. The structure functions occuring in Eqs. (34) (35) are written as weighted convolutions of the form
In Eq.(34), f q 1 and D q 1,OO are the unpolarized PDF and unpolarized DiFF with flavor q. In Eq.(35), g q 1L is a twist-2 distribution function coupled with the T-odd DiFF G ⊥ 1,OT and G ⊥ 1,LT respectively. In principle, both DiFFs contribute to the sin(φ h − φ R ) azimuthal asymmetry in SIDIS. However, to access the asymmetry one must do the integration with respect to θ and we have 1 −1 sin 2θd cos θ = 0 for the latter contribution. Thus the contribution including G ⊥
1,LT
vanishes and the sin(φ h − φ R ) asymmetry of the considered process can be expressed as
V. NUMERICAL RESULTS
In order to fix the parameters of the spectator model, the authors of Ref. [22] compare it with the output of the PYTHIA event generator [39] adopted for HERMES. The values of the parameters obtained by the fit are: where we have adopted the same choice as in Ref. [22] for the quark mass m fixed to be zero GeV. It's desired to mention that these model parameters are obtained by comparing the theoretical model with the PITHIA event generator adopted for the HERMES kinematics. In the following we will make predictions in COMPASS and EIC kinematics, thus there are uncertainties with respect to the model parameters. In this paper, we make a rough consideration by ignoring such uncertainties. Furthermore, we make a preliminary estimate for choosing the strong coupling α s ≈ 0.3. We map out the ratio between G ⊥ 1,OT and D 1,OO as a function of z or M h , integrated over the region 0.3 GeV < M h < 1.6 GeV or 0.2 < z < 0.9 in the left panel and right panel of Fig.3 respectively. Comparing with the unpolarized DiFF D 1,OO , the G ⊥ 1,OT is two order of magnitude smaller and we can find a break point located nearly in M h = 0.8. Then we present the numerical results of the sin(φ h − φ R ) azimuthal asymmetry in the SIDIS process with unpolarized muons off longitudinally polarized nucleon target. According to isospin symmetry we have the conclusion that the fragmentation correlators for processes u → π + π − X,d → π + π − X, d → π − π + X andū → π − π + X are the same. Thus by transforming the sign of R, equivalently changing θ → π − θ and φ → φ + π, the DiFF G ⊥ 1,OT which depends linearly on R coming from d → π − π + X andū → π − π + X processes has an additional minus sign comparing to the u → π + π − X process. When expanding the flavor sum in the numerator of Eq.(37), we apply the isospin symmetry to the DiFF G ⊥ 1 . Furthermore, in principle sea quark distributions can be generated via perturbative QCD evolution and they are zero at the model scale. In this paper, we make a rough consideration by ignoring QCD evolution, which leads to zero antiquark PDFs f 1 and g 1L . The expressions of the x-dependent, z-dependent and M h -dependent sin(φ h − φ R ) asymmetry can be adopted from Eq.(37) as follows
where the TMD DiFF D 1,OO has been worked out and listed as
As for the twist-2 PDFs f 1 and g 1 , we apply the same spectator model results [40] for uniformity. To perform numerical calculation for the sin(φ h − φ R ) asymmetry in dihadron SIDIS at the COMPASS kinematics, we adopt the following kinematical cuts [41] √ s = 17.4 GeV 0.003 < x < 0.4 0.1 < y < 0.9 0.2 < z < 0.9
where W is the invariant mass of photon-nucleon system with W 2 = (P + q) 2 ≈ 1−x x Q 2 . Our main results in this work are our predictions for the sin(φ h − φ R ) azimuthal asymmetry in the SIDIS process with unpolarized muons off longitudinally polarized nucleon target, as shown in Fig.4 . The x-, z-and M h -dependent asymmetries are depicted in the left, central and right panels of the figure, respectively. The dashed lines represent our model predictions. The full circles with error bars show the preliminary COMPASS data for comparison. We can find that the model predictions give a good description of the COMPASS preliminary data being compariable with zero.
Then, to make a further comparison, we also obtain the sin(φ h − φ R ) asymmetry at the future EIC. Such a facility might be picture-perfect to study this observable. We settle on the following EIC kinematical cuts [42] :
The x-, z-and M h -dependent asymmetries are plotted in the left, central, and right panels in Fig.5 . We find that the overall tendency of the asymmetry at the EIC is similar to that at COMPASS. Since the size of the asymmetry is lightly smaller than that at COMPASS, the results are still compariable with zero at the kinematics of EIC. It is also possible to conceive a set of kinematical cuts reach for the future EIC but not for COMPASS to observe if the future EIC could bring new information on asymmetries. We can reach the following EIC kinematical cuts for a future EIC: √ s = 100 GeV 0.001 < x < 0.7 0.01 < y < 0.95 0.2 < z < 0.8 0.3 GeV < M h < 1.6 GeV Q 2 > 25GeV 2 W > 10 GeV.
The x-, z-and M h -dependent asymmetries are plotted in the left, central, and right panels in Fig.6 . We find that the asymmeties are not prompted by the future EIC kinematics. The dashed curves denote the model prediction.
In addition, the available theoretical bounds on G ⊥ 1 (see Eq.(55) of [9] ) would give a much larger asymmetry, and therefore the COMPASS data and the present predictions strongly constrain this DiFF within their uncertainty.
Finally, the expected size of A
in the NJL quark model [24] [25] [26] [27] is zero, which is basically consistent with the spectator model result. This conclusion can be reached by considering Eq.(12) of Ref. [43] together with both Eq. (19) and Eq.(26) in Ref. [27] . In addition, Ref. [43] proposed a measurement which will permit us to access the helicity-dependent DiFF in forward two-hadron production in SIDIS. We will make a prediction for this measurement in a upcoming work using the spectator model result of helicity-dependent DiFFs.
VI. CONCLUSION
In this work, we have considered the single spin asymmetry with a sin(φ h − φ R ) modulation of dihadron production in SIDIS. With the spectator model result for D 1,OO at hand, we worked out the T-odd DiFF G ⊥ 1,OT by considering the real and imaginary loop contributions. Using the partial wave expansion, we found that G ⊥ 1,OT comes from the interference contribution of the s-and p-waves. By using the numerical results of the DiFFs and PDFs, we present the prediction for the sin(φ h − φ R ) asymmetry and compare it with the COMPASS measurements. Our result yields a good description of the vanished COMPASS data.
